We bring to bear an empirical model of the distribution of twin primes and produce three distinct results pertinent to twins and, by extension, evidence against the Riemann Hypothesis. The first result is that we can make a quantitative probabilistic prediction of the occurrence of gaps in the sequence of twins within the primes. The second is that the "high jumper" i.e., the separation with greatest likelihood (in terms of primes) is always expected to be zero. The third is an elementary proof that Brun's constant is bounded, i.e., that the series of reciprocal twins converges. We will demonstrate that our elementary proof is necessarily flawed because it is too strong, and attribute its failure to the fact that the error term was neglected in the model for the distribution of the primes. It is made very clear that the proof is incorrect by the fact that it is easily adapted to demonstrate that sums of subsequences of reciprocal primes are bounded, whereas it is clear that all series of the type we consider are in fact divergent. Attempts to explicitly model the behaviour of the error term require consideration of the Riemann Hypothesis.
Introduction
In a recent paper [1] , hereafter referred to as "TPI" we introduced a novel empirical characterisation of the sequence of twin primes. Notation, nomenclature and conventions developed in TPI are carried over here. There are three salient features of the model. First is the viewpoint that the sequence of twins is most naturally and usefully considered as a subset of the primes rather than in terms of the natural numbers. The second feature is that for the finite subset of primes less than some number N , twins occur in the manner of fixed-probability random events. I.e., there is a constant probability that each successive prime following a given twin is itself the first member of the next twin. The third feature is that this "constant" probability is not universal. It varies in a rather simple way with the length of the sequence of primes up to N .
In this paper, we investigate a number of aspects of and make predictions which follow directly and indirectly from this new model for the distribution of twins. In the next section, we shall briefly describe the details of our empirical model. The following section consists of two separate results. First are probabilistic predictions for the occurrences of large gaps in the sequence of twins. These predictions are verified by direct comparison in the regime in which the model was constructed. One important comment that must be made is that the gaps that we note are separations in the sequence of primes. Those usually quoted in the literature are arithmetic differences, or spacings in the natural numbers. The second result we report is that the so-called "high-jumper" (the most probable prime separation) is zero in our model. We again note that our results do not admit a direct comparison to high-jumper analyses extant in the literature which are concerned with most probable natural number separations between twins less than a given N . In the fourth section we present an elementary "proof" of the boundedness of the sum of reciprocal twins (i.e., Brun's Constant). The precise mechanism of the so-called proof is called into question in the following section by the introduction of a "False Conjecture" -known to be false, but "proven" using the technique of the previous section. To understand more fully this apparent conflict, we sharpen the analysis and in the penultimate section attempt to model the expected error in the analytical formulae for the distribution of the primes (i.e., π 1 (N )).
The Model
The model that we consider is empirical in that it is derived from a direct analysis of the distribution of twin primes less than 2 × 10 11 . The essential feature which provides the key to the success of the model is that the distribution of twins is considered in the context of the primes alone rather than within the natural numbers. The model is based upon the observation that twins less than some number N seem to occur as fixed-probability random events in the sequence of primes. That is, there is a characteristic distribution of prime separations which may expressed in the form
Here, π 1 is the number of primes less than or equal to N , s is the prime separation (the number of unpaired singleton primes occuring between two twins), and m is a decay parameter which is constant for a given N , but varies with π 1 . P(s, π 1 ) is the continuous probability density that a given pair of twins in the sequence of primes up to N has prime separation s. It is properly normalized:
We chose a representative sample of prime sequences and determined the decay constants for each. We began our analysis with (5 7), discarding the anomalous twin (3 5). The variation of the decay parameters -the slopes on a plot of log(frequency) versus separation -is well-described by the following function:
We refer the interested readers to TPI for detailed discussion of the derivation of this result and reinforcement of the claim that this form for m is consistent with the Prime Number Theorem, the Twin Prime Conjecture, and the Hardy-Littlewood Conjecture for twins.
Two Results
Armed with this model for the distribution of twins we now undertake some analyses of its predictions.
Gaps
Those who are actively enumerating twin primes are quite interested in the occurrences of large gaps [2, 3, 4, 5] . In our probabilistic model we can make estimates for the threshold number at which we might expect particular large prime separations to appear. The analysis below does just that. There is a caveat however: the gaps that we determine are prime separations, while the gaps referred to in the literature are gaps in the natural number sequence (i.e., arithmetic differences between an element of a twin and the corresponding element of its immediate predecessor).
To determine likelihood thresholds for large prime separations, we need to convolve the behaviour of m as a function of log(π 1 ) with its role in expressing the probability (or frequency) of separations P. Simply put, the probability that a particular large prime separation s L occurs is (we set ds = ∆s = 1)
In this expression for the probability, we have merely taken (1) and inserted our empirical fit for m (2) where, for convenience, we have written m 0 instead of the central value of the constant 1.321. The probability is the expected normalised frequency of each type of gap among the π 2 twins (actually there are π 2 − 1 gaps between the twins, but we drop the -1 in this analysis). While this is completely correct as it stands, and provides the probability that a prime separation of magnitude s L occurs somewhere within the subset of first primes with length π 1 , this not quite what is wanted. Instead of looking for a gap of length s L , we should be considering any gap of length greater than or equal to s L . To accomplish this, we integrate P from s L to ∞, and obtain the probability that a prime separation ≥ s L occurs
Let us set a minimum threshold of f separation "events" out of the total number, π 2 , where f is a risk factor allowing one to be more cautious (f > 1) or more daring (f < 1). Fixing
leads to a relation among the size of the gap, the prime and twin counts, and the risk factor:
To cast this in a more useful form, we will utilise the well-known approximate formulae for π 1 and π 2 quoted in TPI.
With these approximations, (6) becomes
While this equation does not admit simple inversion to determine N (s L ), it is readily graphed. We do this below up to prime separations of about 250 allowing us to compare the predictions of our probabilistic model with the data. As one can see from the graph, the probabilistic model yields predictions which conform extremely well with the available data. The shape of the curves which bound our cautious-daring range is consistent with the Hardy-Littlewood Conjecture for twins in that the twins become more sparse among the primes as N increases.
High-Jumpers
The high-jumper at any fixed N is the natural number separation which occurs most frequently between consecutive primes less than N . The high-jumpers are observed to increase with N [6] . Exactly the same analysis can be carried over to the case of twins. We refine the notion of a twin high-jumper to conform to our viewpoint that it is the distribution of twins among the primes themselves, not the natural numbers, which is significant. In other words our twin high-jumper is the most probable prime separation at any given N . With our probabilistic decay model for the occurrence of twins, it necessarily follows that the most likely high-jumper for twins is always zero.
We note that this claim is crucially dependent upon our model for the slope −m tending to 0 − (or any finite negative value) rather than a positive value as N −→ ∞. Furthermore, we recognise that since the slowly-varying probability model for the occurrence of twins is stochastic, there may exist ranges of N for which the high-jumper is actually 1 or 2 or greater.
Brun's Constant
It has been known since the early part of the last century that the sum of the reciprocals of the sequence of twins converges, in contrast to the behaviour of the series of reciprocal primes [7] . The finite value of the sum of reciprocal twins is called Brun's constant and has been determined to impressive accuracy and precision by mammoth computation efforts. Here, we shall present what at first sight appears to be a convincing demonstration of the boundedness of the series of reciprocal twins. In the next section we will show that there must exist some deficiency in our argument.
Consider the series of reciprocal twins:
where B M represents the partial sum -M is the second element of the last twin considered in the partial sum -and is, of course, finite. The p and p + 2 are the prime numbers which constitute each twin. At present, we only require that M be sufficiently large that our empirical model applies. [I.e., that M > 10 6 , say, which is hardly a restriction at all.] Our analysis of the remainder term proceeds as follows.
with equality occuring if and only if the remainder is divergent. Let us now estimate the value of the first element of the twin following the one which includes M . Our probabilistic model informs us that we can expect to encounters
singleton primes before the next twin is reached. The approximate expression for π 1 discussed in TPI allows us to estimate the number of primes which lie between natural numbers M and N > M as
For large values of M, N the integrand varies quite slowly, and furthermore to establish a lower bound on N we shall make the approximation:
Setting ∆π [MN ] =s allows us to estimate that the next twin that appears will have a first element N (1) such that
We emphasise that we are attempting to be conservative in our estimate, for the quoted N (1) is the model's prediction (actually estimated bound) for the final singleton in the gap before the next twin. By the same argument we estimate the first element of the twin subsequent to the putative twin (N N + 2) and obtain
In truncating this expression in the manner described above, we have discarded small terms which are of the forms
and it is clear that with sufficient exertion in computing the partial sum up to large values of M , these terms can be made very small. In like manner estimates for the first elements of the subsequent twins are computed to be
where I enumerates the twins appearing after the twin containing M . An essential consideration (for the arguments which follow) must be addressed: We have been treatinḡ s as though it is a constant, while our empirical model and the Hardy-Littlewood Conjectures require that it grow (at least approximately) as log(π 1 ). Rather than harm our analysis, it strengthens the argument, within the context of the probabilistic model, because it makes even more conservative our estimates for the expected lower bounds of values of the initial members of the twins subsequent to M . As we shall see, this "feature" results in an argument which is too strong! Returning now to our expresson for one-half of the remainder of Brun's Series after partial summation to M (10), we see that with the approximations we have made
where we remind the reader that we have written ≤ to accomodate the a priori possibility that the remainder is divergent. Hence we assert that for any partial sum of the reciprocals of twin primes, we can expect that the remainder of the series is less than 2 (s log(M )), where we can, self-consistently, choose the expected prime separation of the unsummed twinss to be fixed at the value of its lower bound on this interval:
Thus, we have derived a well-known result -the boundedness of Brun's Constant -within the framework of our slowly-varying random probability model for the occurrence of twin primes. We performed this analysis in such great detail in order to apply it again in the next section, where we will show that a contradiction ensues.
Extending the Analysis to Higher Order
The reader may be concerned with the iteration leading to the simple geometric series for the lower bound of the expected value of the putative twin member N (I) . In the first instance and all those subsequent, only the lowest-order contribution ins log(M ) M was kept. Higher-order terms might contribute a net negative amount to the estimate, thereby eroding the claim that (17) constitutes a reasonable bound. In fact, inspection of the neglected second-order terms (quoted above) reveals that they do slightly diminish the strength of the bound on N (2) . In this subsection, we push forward the analysis fully to second-order and obtain a bound which is slightly weaker, but still in the geometric series form. Introduce
for convenience, wheres is fixed by π 1 (M ). By choice of sufficiently large M , we can always ensure that ǫ << 1. Let's formally set N (0) = M , to obtain the first estimate
In this last expression,
and despite our ability to parameterise the growth ofs we shall again choose it to be fixed (i.e.,s (I) ≡s), and thereby make the lower bounds on N (I) even stronger. We call attention to this point, as it is essential in the next section.
Iterating, keeping terms to second-order and applying induction, we obtain
indicating that the series of reciprocal N (I) can still be cast into a form where it is bounded by a geometric series. Consideration of the second-order terms has (on account of our being exceedingly conservative) weakened the bound, viz,
but has not vitiated our approach.
With more labour the analysis could be extended to third-order, but we hope that the second-order analysis has been sufficient to convince the reader that our general approach -coupled with the freedom to perform the partial sum to arbitrarily large M -is correct and consistent. Now we shall expose its fatal flaw.
The Conundrum
As noted, the argument for the boundedness of Brun's Constant did not account for the increasing sparseness of the twins amongst the primes as π 1 , the count of primes, increases. Thus, we are led to propose the following Definitions and Conjectures. We shall also see below that the Conjecture is necessarily false, and that one of its Corollaries is also false while one is true. All will be "proven" using the same analysis as was applied to Brun's Constant. In other words, the sequence formed by choosing every qth prime from the sequence of primes, in order.
Subseries of Reciprocal Primes

Definition 5.2
The qth subseries of reciprocal primes is the series formed by summing the reciprocals of the elements in the qth subsequence of primes.
.
Definition 5.3
The r-shifted qth subsequence of primes and the r-shifted subseries of reciprocal primes are
False Conjecture 1 While the entire series of reciprocal primes (i.e., S 10 ) is known to be divergent, albeit very weakly, the qth subseries of order q ≥ 2 of reciprocal primes is bounded.
Proof 1 Consider the qth reciprocal subseries and construct the partial sum up to some prime M , S q0 (M ). The remainder term is (up to the factor of one-half ) just like that encountered in the analysis for Brun's Constant in the preceding subsection. The analysis carries over exactly except that, in this case, the prime separations = q − 1 is truly constant.
False Corollary 1
The r-shifted qth subseries of reciprocal primes are also bounded.
True Corollary 1
The entire subseries of reciprocal primes, S 10 , where every prime is included, can be shown, in the context of our analysis to be unbounded.
Proof 2
In this case,s = 0 tautologically. Within the context of our very conservative estimates and approximations developed above the formulae for the bounds on the primes subsequent to M are in fact just M itself. It is clear that we overstate the manner in which the series diverges, but the important fact is that we do indeed show that our analysis is consistent in this case by demonstrating that the entire series of reciprocal primes is unbounded.
The contradiction which ensures that our Conjecture must be false -as labelled -renders our proof suspect. Suppose that the Conjecture and its Corollaries are true. Now assemble all q of the r-shifted qth subseries of the reciprocal primes for some finite number q. According to our conjecture, each one of these will be bounded, and thus so too must be their sum. And yet, the sum of these subseries can be re-ordered as S 10 which diverges.
As an aside, one might propose as a "minimalist" solution, that only one of the r-shifted qth subseries diverges, however, this attempt is disposed of by the following argument. Write out each of the series in the form of a table,
and add one additional line "S"
Suppose that one of the series is infinite. Then every series listed above it in the table is also infinite, since term by term the series are ordered from greatest to least. Furthermore, all series are greater than Sby this argument. However, S≡ S q0 − 1 2, so all of the series are unbounded, explicitly contradicting the False Corollary and preventing the adoption of this ungainly "minimalist solution." The more likely resolution to the conundrum is that the random distributional model of the primesinherent in our approximate analytical expressions for π 1 -breaks down, and makes our analysis invalid. It has been determined that the approximation to π 1 given by the logarithmic integral over-and underestimates the actual number of primes depending on where one is standing in the natural numbers. [For numbers in the range of our data, with the approximations we make we overcount in accord with our efforts to set very conservative bounds.] Things are even worse than they might seem however. If one allows that the approximate expression for π 1 occasionally undercounts the primes, then one recognises that our estimate of the distance to the qth prime after a given one might well be too large causing our "proof" to break down. The solution that suggests itself is to introduce an additional (multiplicative) factor to try to account for this in our expresson for ∆π [MN ] , say
where the factor C is another "conservative factor" and might be set equal to 2, or 5, or some other number in an attempt to avoid instances of occasional underestimation of the density of primes by systematically overestimating their density. Unfortunately, this attempt is of no avail, because it merely amounts to a redefining ofs, and with the freedom to choose q and M , one can always recover the conditions that made the argument in section 4 applicable. 6 The Error in π 1 (N )
A careful statement of the analytical formula for π 1 (N ) must include the expected error term:
The formal definition of the error term is that
for some fixed constant C, holds for all X. This precise form of the error term has been determined by Number Theoretic means. In particular it is known that 1 2 ≤ θ ≤ 1, and that θ = 1 2 arises as a direct consequence of the Riemann Hypothesis [8] . It is our intent to incorporate the effects of the error term into the distributional model and to consider its effects upon the analysis leading up to the False Conjecture. Inclusion of the error term modifies the expression for the expected number of primes between M and N > M ,
Making the same cautious estimates as before, the integral term is once again (N − M ) log(M ).
The as yet unspecified δ in (25) accounts for the error in the counts of π 1 (N ) and π 1 (M ). Formally,
and we shall model its behaviour and attempt to include its effects in a reanalysis of the steps leading to the "proof" of the false Conjecture.
First Method
In the very worst-case scenario, the error could be maximal in the sense that
but this is extremely unlikely. While it is established that the error-term changes sign (an infinite number of times), it is also the case that the first sign change is yet to be discovered, which suggests that the scale on which the error oscillates is large relative to any reasonables. In addition, there is also the limiting fact that there can be no more than (N − M ) 2 primes occuring in the interval [M, N ], so δ must not become too large. Remaining in this case, for the moment, substitute the approximate expression for N (14) obtained earlier -without consideration of error -in order to estimate δ. We obtain
Expanding in powers of ǫ yields a non-vanishing zeroth-order term plus higher orders:
and the very presence of this zeroth-order term destroys the analysis and makes meaningless the predictions of the N (I) . Rather than assuming that the errors are maximally opposed, we have good empirical reason to suppose that they are correlated. In which case,
and realise immediately that the problematic zeroth-order term is precisely cancelled, leaving
Now the strongest bound on the prediction for the putative prime N is obtained when δ is maximally positive. Thus we take the error-corrected estimate for the number of primes between M and N , set it equal tos and establish a bound on the value of N , viz,
Before discussing the general case, we first treat the two extremes, θ = 1 and θ = 1 2, respectively. When θ = 1,
Incorporating this expansion into our error-corrected expression for the number of primes between M and N , and making the same cautious estimates as elsewhere in this paper, we write
We can pull an overall factor of N − M out of the error term, choose the sign to our maximum disadvantage, and express
where we have written the expansion to first-order only since this will be sufficient for our purpose. Setting ∆π [MN ] =s and holding it fixed, we can express the difference N − M as
Again, we will analyse the two limiting values for θ before addressing the intermediate cases.
If θ = 1, the denominator in (37) can be made arbitrarily negative by choice of sufficiently large M , thereby destroying all predictive power for the primes subsequent to M and vitiating our method. This provides another way of seeing how the conundrum is avoided when θ = 1. If θ = 1 2 then as in the previous sections, it is clear that with sufficient exertion, one can always pass to the regime in which the factor in the denominator of (37) is quite close to one, higher-order terms are small, and the analysis which has led to the false conjecture remains valid.
Similarly, for all 1 2 < θ < 1, the term in the denominator can be shown to approach 1 − at large (perhaps "gigantic") values of M , and the pitfall of the false conjecture is not avoided.
These results, model dependent as they are, cast doubt upon the validity of the Riemann Hypothesis in that they strongly imply that only θ = 1 is compatible with the property that the qth subseries of reciprocal primes must all diverge.
Conclusion
In this paper, we report on two results that follow straightforwardly from our novel characterisation of the sequence of twin primes as slowly-varying probability random events among the primes themselves. The first is that the model can be used to make probabilistic predictions for the onset of appearance of prime separations of a given (large) size. We have done this and the predictions agree very well in the regime where we have data. We believe that the extrapolated predictions will be valid unless the coarse approximations to π 1 and π 2 (7) break down on account of the error terms. The second result is that the so-called prime high-jumper, the mode prime separation, is always predicted to be zero by the very structure of the empirical model. The third result is less straightforward. What appeared superficially to be an elementary proof of the boundedness of Brun's Constant led inescapably to a conjecture which, although "proven" by precisely the same analysis, is untenable. The most likely manner in which a reconciliation of these conflicting claims may be obtained is through recognition of the essential inaccuracy of the limiting formulae for the distribution of primes. In addition, our modelling of the error term casts doubt upon the validity of the Riemann Hypothesis.
We hasten to remark that the empirical model for the distribution of twin primes is not made untenable by the failure of the conjecture in section 5.
Finally we ask: How might we understand, in the context of our empirical model, the actual convergence of the series of reciprocal twins, given the demonstration that the proof related above is too strongly restrictive? We believe that it is the increase ofs with log(π 1 ), not accounted for in our elementary and ultimately unsuccessful analysis, that allows the subseries of reciprocal twins to converge while all regular subseries of the primes remain divergent. We doubt that this can be shown directly by iteratively predicting the expected values of the twins, since we have just argued that the need to set θ = 1 impairs our ability to predict even the first twin occuring subsequent to some particular large twin.
